
§9.3

26. Let ϕ : G→ H be a group isomorphism. Show that ϕ(x) = eH if and only
if x = eG, where eG and eH are the identities of G and H, respectively.

First suppose ϕ(x) = eH , then ϕ(x)(ϕ(x))−1 = eH(eH)−1 = eH , since ϕ is
a isomorphism then ϕ(x)(ϕ(x))−1 = ϕ(xx−1) = ϕ(eG) = eH . Therefore
eH = ϕ(x) = ϕ(eG), which implies that x = eG.

Now suppose that x = eG and let h = ϕ(g) ∈ H (such a g exists for all
h ∈ H since ϕ is an isomorphism). Then

hϕ(x) = ϕ(g)ϕ(x) = ϕ(gx) = ϕ(geG) = ϕ(g) = h = ϕ(eGg) = ϕ(x)ϕ(g) = ϕ(x)h,

and hence ϕ(x) = eH be definition.

47. If G ∼= Ḡ and H ∼= H̄ show that G×H ∼= Ḡ× H̄.

Let θ denote the isomorphism G→ Ḡ and let ψ denote the isomorphism
H ∼= H̄. Define a map φ : G×H → Ḡ× H̄ specified by

φ : (g, h) 7→ (θ(g), ψ(h)) ∀g ∈ G, h ∈ H.

First show φ is 1-1. Suppose that φ(g1, h1) = φ(g2, h2), then by the
definition of φ we have that (θ(g1), ψ(h1)) = (θ(g2), ψ(h2)), this means
that θ(g1) = θ(g2) and ψ(h1) = ψ(h2). Since θ and ψ are bijective this
means that (g1, h1) = (g2, h2) and hence φ is 1-1. Again since θ and ψ
are bijective, for any ḡ ∈ Ḡ and any h̄ ∈ H̄ we have that ḡ = θ(g) and
h̄ = ψ(h), hence for all (ḡ, h̄) ∈ Ḡ× H̄ we have that (ḡ, h̄) = (θ(g), ψ(h))
for some g ∈ G, h ∈ H. To see that φ is a homomorphism note that

φ(g1, h1)φ(g2, h2) =(θ(g1), ψ(h1))(θ(g2), ψ(h2))

=(θ(g1)θ(g2), ψ(h1)ψ(h2))

=(θ(g1g2), ψ(h1h2))

=φ((g1g2, h1h2))

=φ((g1, h1)(g2, h2)).
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