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Theorem 21.5. Let F be a field and let p(x) be a nonconstant polynomial in Flz|. Then
there exists an extension field E of F and an element o € E such that p(a) = 0.
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Theorem 21.9. Let E be an extension field of F' and o € E. Then a is transcendental
over F if and only if F(er) 1s isomorphic to F(zx), the field of fractions of Flz].
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Proposition 21.12. Let E be a field extension of F and o € E be alpebraic over F. Then Gt - F N =0
Fla) % Flz|/{plz)), where p(z) is the minimal polynomial of o over F.
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Theorem 21.10. Let E be an extension field of a field F and o € E with o algebraic over

F. Then there is a unique irreducible monic polynomial p(x) € Flx] of smallest degree such

that p{a) = 0. If f(z) is another polynomial in F[zx] such that f(a) =0, then p(x) divides
flz).
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Theorem 21.13. Lei E = F(a) be a simple extension of F, where o € E is algebraic over

F. Suppose that the degree of o over F is n. Then every element 8 € E can be expressed
uniquely in the form
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Theorem 21.17. If E is a finite extension of F and K is a finite extension of E, then K
is a finite extension of F and

[K:F|=|K:E|E:F)
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Theorem 21.17. If E is a finite extension of F and K is a finite extension of E, then K
is a finite extension of F and

[K:F]=[K:E|E:F].
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Theorem 21.23. Let E be an exiension field of F'. The sel of elements in E that are
algebraic over F form a field.
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Theorem 21.25. A field F' is algebraically closed if and only if every nonconstant polyno-
mial in Flz| factors into linear factors over Flz].
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Theorem 22.6. For every prime p and every positive integer n, there exists a finite field
F with p™ elements. Furthermore, any field of order p™ is isomorphic to the splitting field
of 27" — x over Z,,.
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Theorem 22.7. Every subfield of the Galois field GF(p") has p™ elements, where m divides
n. Conversely, if m | n form >0, then there exists a unique subfield of GF(p") isomorphic

to GF{p™).
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Corollary 22.11. The multiplicative group of all nonzero elements of a finite field is cyclic. &r Sone n
Corollary 22.12. Every finite extension E of a finile field F is a simple extension of F.
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