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Theorem 2.9 (Division Algorithm). Lef a and b be integers, with b > 0. Then there exist

unique integers q¢ and r such that pum—

a=bg+r

where 0 < r <b.
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Theorem 2.10. Let a and b be nonzero integers. Then there exist integers r and s such
that
ged(a, b) = ar + bs.

Furthermore, the greatest common divisor of a and b is unique.
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3/l0 36 1 4 7 2 5
4l0 4 0 4 0 4 0 4 ],-5
5lo0 5 2 7 41 6 3
6l0 6 4 2 0 6 4 2
710 7 6 5 4 3 2 1

Table 3.3: Multiplication table for Zg
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Proposition 3.4. Lel Z, be the set of equivalence classes of the integers mod n and
abceX,.

1. Addition and multiplication are commautative:

at+bh=b+a (modn)

ab=ba (mod n).

2. Addition and multiplication are associafive:

ja+bl+e=a+(b+c)
(ab)e = a(be)

(mod n)

(mod n).

3. There are both additive and multiplicative identities:

at+0=a (modn)
a-1=a (modn).

4. Multiplication distributes over addition:

alb+e¢) =ab+ac (mod n).
5. For every integer a there is an additive inverse —a:
a+(—a)=0 (mod n).

6. Leta be a nonzero infeger. Then ged(a, n) = 1 if and only if there exists a multiplicative
inverse b for a (mod n); that is, a nonzero integer b such that

ab=1 (mod n).
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